Any unitary transformation of quantum computational networks is explicitly decomposed, in an exact and unified form, into a sequence of a limited number of one-qubit quantum gates and the two-qubit diagonal gates that have diagonal unitary representation in usual computational basis. This decomposition may be simplified greatly with the help of the properties of the finite-dimensional operator algebra spaces of a quantum system and the specific properties of a given quantum algorithm. As elementary building blocks of quantum computation, the two-qubit diagonal gates and one-qubit gates may be constructed physically with one-and two-body interactions in a two-state quantum system and hence could be conveniently realized experimentally. The present work will be helpful for implementing generally any N-qubit quantum computation in those feasible quantum systems and evaluating conveniently the time evolution of these systems in course of quantum computation.
Introduction
Since it has been discovered that quantum computers can be much more powerful than their classical counterparts (Feynman 1982; Deutsch 1985; Shor 1994) , it becomes of great practical importance to realize the quantum computers. A variety of quantum systems have been explored to build such quantum computers such as trapped ions (Cirac & Zoller 1995) , nuclear spins in molecules (Gershenfeld & Chuang 1997; Cory et al. 1997 ) and in solid states (kane 1998), and Josephson junction arrays in superconductors (Makhlin et al. 1999) , etc. Very recently, nuclear magnetic resonance (NMR) (Ernst et al. 1987; Freeman 1997 ) is used to realize experimentally the Deutsch-Jozsa ′ s algorithm (Deutsch & Jozsa 1992 , Chuang et al. 1998a ) and the Grover ′ s algorithm (Grover 1997 , Chuang et al. 1998b , Jones et al. 1998 . It is expected that in the short term quantum computation with as many as ten qubits will be implemented, although there are many problems that need to be solved such as how to overcome the effect of decoherence and dephase in quantum systems and how to realize fault-tolerant or error-correlating quantum computation. Quantum computation should be performed within the characteristic time of decoherence and dephase in a quantum system. In practice, this requires that elementary building blocks of quantum computation should be chosen suitably. For example, theoretically any quantum computation should be built exactly out of a sequence of the building blocks with a length as short as possible, while these building blocks can be exactly constructed theoretically and could be physically realized conveniently in a feasible quantum system. Quantum gates were firstly suggested by Deutsch (1989) as the elementary building blocks to construct any quantum computational networks. A universal quantum gate, by copying itself and then wiring together, suffices to construct any unitary transformation. It has been shown theoretically (Deutsch et al. 1995 , Lloyd 1995 ) that almost every quantum gate that operates on two or more qubits is universal, but the universal quantum gates that are really considered as conveniently realizable gates are the three-qubit gates, e.g., Toffoli ′ s (1981), Fredkin ′ s (1982) , and more general Deutsch ′ s (1989) gate and the simpler two-qubit gates (Barenco 1995 & Weinfurter 1995) . Quantum gates with more qubits may not be universally attractive since their construction and implementation may be usually complicated in quantum systems and the theoretical construction of any unitary transformation of quantum computation out of these gates is usually not easy. This may be the main reason why many investigators (DiVincenzo 1995a; Barenco 1995 & Weinfurter 1995) have explored simpler universal quantum gates with only two qubits for the building blocks. Barenco et al. showed further that a set of quantum gates that consists of all one-qubit gates and the two-qubit XOR gate suffices to build any unitary transformation, although one-qubit gates and the simpler two-qubit XOR gate are not universal. However, the present theoretical composition of the three-or two-qubit universal gates or even the XOR gate along with one-qubit gates to form quantum networks usually disregards some useful properties of quantum systems and the specific properties of a given quantum computation. As a consequence, it needs probably an infinite number of such quantum gates to build exactly a given unitary transformation of quantum computation. Obviously, this is impractical for quantum computation to be performed in a quantum system in which the effect of decoherence and dephase is not negligible.
In this paper any unitary transformation of quantum computational networks is decomposed explicitly as a sequence of a limited number of one-and two-body elementary propagators, i.e., one-qubit gates and the two-qubit diagonal gates R kl (λ kl ) = exp(−iλ kl 2I kz I lz ) that have diagonal unitary representation in the conventional computational basis, in an exact and unified form. Any N-qubit quantum computation is then implemented by performing the unitary transformation of a sequence of these one-and two-qubit gates on the input quantum state. In constrast to the usual composition of quantum gates to form quantum networks here is emphasized on the decomposition of a given quantum network as a sequence of the elementary building blocks. This decomposition may be simplified greatly with the aid of the properties of finite-dimensional operator algebra spaces of quantum systems (Miao, 2000) and the specific properties of a given quantum algorithm. That the two-qubit diagonal gate R kl (λ kl ) is chosen as an elementary building block stems from several considerations. Firstly, such choice for building blocks is beneficial to the exploitation of the properties of finite-dimensional operator algebra spaces of quantum systems to simplify the decomposition. Secondly, the two-qubit diagonal gates supplemented with all one-qubit gates suffice to construct exactly any unitary transformation. Thirdly, from the physically realizable point of view one-qubit gates should be the simplest gates, while according to matrix (operator) algebra properties quantum gates that have diagonal unitary representation matrices in the conventional computational bases {|00...00 , |00...01 , ..., |11...11 } are the elementary and simple gates. Particularly, the two-qubit diagonal gate R kl (λ kl ) that has diagonal unitary representation matrix:
should be the most elementary and simplest building blocks, although it is not a universal gate. Moreover, the two-qubit diagonal gate R kl (λ kl ) can be conveniently built up with one-and two-body interactions such as the general neighbor interaction and could be easily realized in a quantum system with N two-state particles such as coupled multispin systems in molecules or in solid states, trapped ions, superconducting Josephson junction arrays, etc. Fourthly, the two-, three-, and N-qubit (N>3) universal gates and even the XOR gate can be expressed exactly as a simple sequence of the two-qubit diagonal gates along with one-qubit gates.
The decomposition of unitary transformation
Quantum computation is a reversible process (Bennett, 1973) . It can be thought of as a unitary transformation acted on the input state and obeys the laws of quantum mechanics (Benioff, 1980; Deutsch, 1985; DiVincenzo, 1995b) . The time evolution of a quantum system from the initial state to the output state during quantum computation then can be described by a time-evolutional propagator U(t) that obeys the Schrödinger equation:
where H(t) is the effective Hamiltonian for the system to perform the quantum computation. In general, quantum computational networks are composed of a sequence of quantum circuit units (Deutsch, 1989) . Each such circuit unit performs the unitary transformation with a propagator U k (t k ) associated with the time-independent effective Hamiltonian H k in the interval t k , while the total propagator U(t) can be expressed as a sequence of the propagators U k (t k ). Then it follows from Eq.(1) that
The quantum computation then can be implemented by acting a sequence of the propagators U k (t k ) on the input state. Therefore, it becomes clear that the problem to be solved is how to exactly decompose theoretically the propagators U k (t k ) of quantum circuit units as a sequence of a limited number of one-and two-qubit gates and how to build up these simple gates experimentally in a feasible quantum system. Not loss of generality, the quantum system is considered as a physical system consisting of N two-state particles. This system may be nuclear spins in molecules or in solid state, trapped ions, and superconducting Josephson junctions, etc. Here for simplification the complete decomposition of the propagators is described explicitly in a coupled spin (I=1/2) system, which is formed by N two-state nuclei with magnetic quantum number I=1/2 in a strong static magnetic field.
The effective Hamiltonian H j associated with each quantum circuit unit can be generally expanded as a linear combination of base operators {B k } of the Liouville operator space of the spin system (Ernst, et al. 1987) :
As suggested recently (Miao, et al. 1993 (Miao, et al. & 1997 Miao, 2000) , to determine exactly and analytically time evolution of the spin system the propagator corresponding to this Hamiltonian is first decomposed into an ordered product of a series of elementary propagators
The elementary propagator is defined by
where λ s is the real parameter and B s the Hermitian base operator. Obviously, the elementary propagator is also a quantum gate. Actually, the decomposition of Eq.(4) can be achieved in an exact and unified form. Firstly, the propagator U j (t j ) is converted unitarily into a diagonal unitary operator, which has diagonal unitary representation in usual computational basis, by making a sequence of elementary unitary transformations. Then each such elementary unitary transformation and the diagonal unitary operator are further decomposed into a product of a series of elementary propagators, respectively. The decomposition of Eq.(4) can be further simplified with the help of the properties of the Liouville operator spaces and its three subspaces (Miao, 2000) : the even-order multiple-quantum, the zero-quantum, and the longitudinal magnetization and spin order operator subspace. When the effective Hamiltonian H j is a member of the longitudinal magnetization and spin order operator subspace, the propagator U j (t j ) is simply expressed as a sequence of elementary propagators built up with the base operators of the subspace (see below). If H j is a member of the zero-quantum operator subspace, one first makes a zero-quantum unitary transformation on U j (t j ) to convert it into the diagonal unitary operator and then further decomposes the zero-quantum unitary operator and the diagonal unitary operator as a sequence of elementary propagators, respectively. When the effective Hamiltonian H j is a member of the even-order multiple-quantum operator subspace, one makes the even-order multiple-quantum and subsequently the zero-quantum unitary transformation on U j (t j ) to convert it into the diagonal unitary operator. The even-order multiple-quantum, the zero-quantum, and the diagonal unitary operator can be further decomposed as a sequence of elementary propagators, respectively. If H j is not a member of any one of the above three subspaces but a member of the Liouville operator space, one first converts it unitarily into a member of the even-order multiple-quantum operator subspace by making an odd-order multiple-quantum unitary transformation on the Hamiltonian, then a further decomposition for the propagator U j (t j ) can be carried out with the help of the properties of the even-order multiple-quantum operator subspace.
It is clearly shown from the closed property of operator algebra space that any quantum gate built up with an arbitrary operator of any one of the three aforementioned operator subspaces is a non-universal gate. These gates can form another set of non-universal gates that may be different from onequbit gates and collection of one-qubit gates and the classical gates (Deutsch, 1995) .
On the basis of the decomposition of Eq.(4) time evolution of a quantum system in the course of quantum computation can be determined directly by acting the decomposed propagator on the input state in a quantum system or through the rotation unitary transformation between any two base operators in a quantum ensemble. The rotation unitary transformation can be generally derived from the Baker-Campbell-Hausdoff formula (Ernst, et al. 1987) :
where C 0 = B r and C n = [B s , C 
For a coupled N-spin (I=1/2) system the proper base operators {B k } of the Liouville operator space are usually chosen as the Cartesian product operators (Sφrensen, et al. 1983; Ernst, et al. 1987) :
where E is unit operator and I k i α (α, β, δ = x, y, z) are spin angular momentum operators for the k i th spin in the system (I k i = 1 2 σ k i , σ is the Pauli ′ s operator). Such direct product operator set contains any n-body (N ≥ n ≥ 1) interaction terms {2 n−1 I kα I lβ ...I mδ }. It follows from Eqs. (2), (4), and (5) that the propagator U j (t j ) is usually expressed as a sequence of elementary propagators built up with any n-body (N ≥ n ≥ 1) product operators in set (8). Actually, the propagator U j (t j ) can be further expressed as a sequence of the elementary propagators built up only with one-and two-body operators of the set (8).
Each base operator of set (8) can be converted unitarily into a member of the longitudinal magnetization and spin order operator subspace, where the base operators of the subspace are usually chosen as the longitudinal magnetization and spin order product operators in the N-spin (I=1/2) system (Miao, et al. 1993; Miao, 2000) : B. Therefore, the basic building blocks for the propagator U j (t j ) are those elementary propagators built up with the base operators of the subspace and the one-body elementary propagators of Eq.(5) induced by electromagnetic pulses. On the other hand, any elementary propagator constructed with n-body (N ≥ n ≥ 1) product operators of the subspace can be readily decomposed as a product of a series of the elementary propagators built up only with the two-body product operators in set (9) and the one-body ones in set (8). This can be achieved by utilizing recurrently the following decomposition:
where
I k n+1 y ) As a consequence, it follows from Eqs.(4) and (5) that the propagators U j (t j ) of the quantum circuit units and hence the total propagator U(t) of quantum computation can be decomposed completely into a product of a series of one-body elementary propagators and the two-body diagonal elementary propagators R kl (λ kl ) built up with the product operators {2I kz I lz }.
Evidently, any operator of the longitudinal magnetization and spin order operator subspace has the diagonal representation in usual computational basis and any two base operators B m r and B m s of the subspace are commutable with each other. Then any diagonal operator of the system, i.e., an operator that has diagonal representation in usual computational basis, can be expressed as a sum of the base operators of the subspace (Miao, 2000) . If the effective Hamiltonian H j (= k a k B m k ) associated with a quantum circuit unit is a member of the subspace, the corresponding propagator exp(−iH j t j ) can be readily decomposed as a product of a series of elementary propagators constructed with the base operators of the subspace:
Equation (11) is very useful for the decomposition of the total propagator of a given quantum algorithm.
Preparation of the elementary building blocks
The two-qubit diagonal elementary propagator R kl (λ kl ) could be easily prepared in many two-state physical systems. As an example, its preparation is described explicitly in a realizable N-spin (I=1/2) system. In general, the external electromagnetic field such as radiofrequency (RF) field can be used to control the process of quantum computation. In a coupled spin (I=1/2) system with ravelled resonances each one-body elementary propagator defined by Eq.(5) can be prepared by utilizing selective pulses (the weak RF field) (Freeman, 1997) . The spin Hamiltonian for the system in a strong static magnetic field is written as (Ernst, et al. 1987 )
where it is assumed that the internuclear interaction is weak with respect to Zeeman terms and the interaction between the system and its environment, which results in decoherence and dephase, is negligible. This Hamiltonian that consists of one-body {I kz } and two-body {2I kz I lz } terms is responsible for preparing experimentally the diagonal elementary propagators R kl (λ kl ). Figure 1 presents the quantum circuit unit (the NMR pulse sequence) for the preparation of the elementary propagator built up with the direct twobody interaction between two spins k and l, where spin echoes refocus all the undesired one-and two-body interactions and only leave selectively the desired two-body term 2I kz I lz in the Hamiltonian (12) by combining selective 180 degree pulses. If there is not direct interaction between any two spins k and m, their indirect two-body interaction 2I kz I mz can be achieved through a directly neighbor coupling network such as k − l − ... − s − t − m in the system:
For quantum dots (Barenco, et al. 1995a; Loss & DiVincenzo, 1998 ) the diagonal gates R kl (λ kl ) could be prepared in an analogous way to the above approach. In trapped ion system (Cirac & Zoller, 1995) the diagonal gates could be implemented by six laser pulses and in superconducting Josephson junction arrays (Makhlin, et al. 1999 ) they could also be prepared easily (see PAPS material).
Application to the universal quantum gates and quantum algorithms
It is easy to carry out the explicit decomposition of the total propagators for N-qubit quantum algorithms such as the Deutsch-Jozsa, Grover, quantum Fourier transform algorithm, etc. and for the two-, three-, and any N-qubit universal quantum gates. Several typical examples are given explicitly below.
The two-, three-, and N-qubit universal quantum gates
The unitary representation matrix U N of the N-qubit universal gate ( Deutsch, 1989; Barenco, 1995 & Barenco, et al. 1995b ) can be generally written as
where the matrix [u ij ] served as the Nth qubit is u(2) unitary matrix and can be generally expressed as
where T N = exp(−iαI N z ) exp(−iβI N y ). Then the unitary operation U N can be decomposed completely as a simple sequence of one-body elementary propagators and the two-body diagonal elementary propagators:
where the diagonal operator H N is a member of the longitudinal magnetization and spin order operator subspace: (16) here unit operator E is omitted. All the parameters in Eqs. (14)- (16) are determined directly from the elements {u ij } of the matrix u(2) (Miao,2000) .
In particular, for the two-and three-qubit gates (Barenco, 1995 & Deutsch, 1989 ) the diagonal unitary operators can be respectively written as exp(−i H 2 t) = exp(−iΩ 0 ) exp(−iΩ
and
By using Eq.(10) the last three-body elementary propagator in the right-hand side of Eq. (18) can be further decomposed as a sequence of six one-body elementary propagators and three two-body diagonal elementary propagators and hence the Deutsch ′ s three-qubit universal gate is exactly decomposed as a sequence of six two-qubit diagonal gates R kl (λ kl ) and thirteen one-qubit gates and one constant phase factor.
The Grover
′ s quantum search algorithm. In most quantum algorithms the first step is the creation of a superposition. This may be achieved by applying Walsh-Hadamard transform on the groundstate in a quantum system. Any n-qubit Walsh-Hadamard transform is constructed by the direct product of n single-qubit M matrices (Grover, 1997) and can be expressed as a sequence of one-body elementary propagators and a constant phase factor:
In addition to the Walsh-Hadamard transform the basic unitary operations required by the Grover ′ s algorithm (Grover, 1997) are the conditional phase shift operations represented respectively by the diagonal unitary matrix C and R:
The unitary operation C can be further expressed in the form of exponential operator C = exp(−iH c t) (t = 1) where the representation matrix elements of the diagonal operator H c can be derived from the matrix C as (H c ) ij = 0, if i = j; (H c ) ii = π, if i = s; (H c ) ii = 0, if i = s Therefore, the operator H c is a member of the longitudinal magnetization and spin order operator subspace and can be expressed as a sum of the base operators of the subspace. It takes the same form as Eq.(16) but with different parameters determined from the matrix elements {(H c ) ij }. As a result of Eq.(11), the unitary operation C can be decomposed into a product of elementary propagators built up with the base operators of the subspace
According to Eq.(10) the unitary operation C can be further decomposed completely as a sequence of one-body elementary propagators and the twobody diagonal elementary propagators. The diagonal phase rotation operation R can be decomposed completely in an analogous way as the unitary operation C. Thus, each of the basic unitary operations W , C, and R (the diffusion transform D = W RW ) in any n-qubit Grover ′ s algorithm is expressed explicitly as a sequence of one-qubit gates and the two-qubit diagonal gates R kl (λ kl ). This result may be helpful to implement experimentally the algorithm with any qubits in a feasible two-state quantum system.
The Deutsch-Jozsa
′ s algorithm
To decide certainly whether a function f : B n −→ B is balanced or constant, it needs to run unitary transformation U f only once on the superposition (Deutsch & Jozsa, 1992; Jozsa, 1998; Cleve, et al. 1998 ):
Therefore, U f has a diagonal unitary representation and can be expressed in the form of exponential operator: U f = exp(−iH f t) (t = 1) where the diagonal operator H f has the representation matrix elements:
Obviously, any N-qubit unitary operation U f can be readily decomposed completely in a similar way to the unitary operation C in the Grover ′ s algorithm.
Discussion
It is widely believed that the three-qubit universal gates are sufficient to build any quantum computation (Deutsch, 1989) , but several investigators (DiVincenzo, 1995a; Barenco, 1995; Sleator and Weinfurter, 1995) showed that any three-qubit universal gates can be further expressed as a sequence of the two-qubit universal gates and hence the latters are more basic units in quantum computation. In the paper it is shown that any three-and twoqubit universal gates as well as the XOR gates can be expressed as a simple sequence of one-qubit gates and the two-qubit diagonal gates. These simple gates can be constructed with natural one-and two-body interactions such as neighbor interaction and could be readily realized experimentally in a two-state quantum system. Therefore, the two-qubit diagonal gates should be also proper elementary building blocks to construct conveniently any quantum computation physically. The explicit decomposition for any unitary transformation of quantum computational network into a sequence of one-qubit gates and the two-qubit diagonal gates in an exact and unified form will be helpful for implementing generally any N-qubit quantum computation in feasible quantum systems and determining conveniently the time evolution of these systems in course of quantum computing. Figure 1 . The preparation for the direct two-body elementary propagator: SE n = R kl (λ kl ) = exp(−iλ kl 2I kz I lz ) (λ kl = 4 n πJ kl τ ) in a coupled N-spin (I=1/2) system with Hamiltonian of Eq.(12). The N spins except spins k and l are divided into several groups {p}, {s}, ..., {w}, where both two coupled spins k and l are not coupled with those spins of group {p} and there may be interaction among these groups but is not coupling between any arbitrary two spins in each of these groups. The spin echo sequence SE 1 with selective 180
• RF pulses applied simultaneously to the two spins k and l and all the spins of group {p} refocuses their chemical shifts (one-body interactions) and undesired two-body interactions with any other groups but leaves the desired two-body interaction 2I kz I lz . The second sequence SE 2 with four SE 1 units and selective 180
• pulses applied to spins of group {s} refocuses further oneand two-body interactions of these spins with the rest groups. Finally in sequence SE n all the undesired one-and two-body terms are refocused but only the desired term 2I kz I lz is retained and hence R kl (λ kl ) is obtained.
